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Abstract
In this paper we consider an axial torsion to build metric-compatible
connections in conformal gravity, with gauge potentials; the geometric
background is filled with Dirac spinors: scalar fields with suitable poten-
tials are added eventually. The system of field equations is worked out to
have torsional effects converted into spinorial self-interactions: the mass-
less spinors display self-interactions of a specific form that gives them the
features they have in the non-conformal theory but with the additional
character of renormalizability, and the mechanisms of generation of mass
and cosmological constants become dynamical. As a final step we will
address the cosmological constant and coincidence problems.
This paper is warmly dedicated to the memory of
Professor Mauro Francaviglia, founder of the
Italian Society of Gravitation SIGRAV.
Introduction
When developing a geometry based on the most general spacetime coordinate
invariance, both for its basic quantities and all of their derivatives, one is com-
pelled to introduce an object called connection Γαβµ which in general is not
symmetric in the two lower indices, so that Γαµν−Γ
α
νµ =Q
α
µν is different from
zero and it turns out to be a tensor, called Cartan torsion tensor; despite that
in general torsion is different from zero, there have been attempts to show that
torsion should vanish if we want the principle of equivalence to realize an un-
ambiguous geometrization of the gravitational field [1]: even though it is true
that for this to occur the vanishing of torsion is a sufficient condition, we need
not require so much as the vanishing of the whole torsion since a completely
antisymmetric torsion would be enough [2, 3, 4, 5, 6]. Therefore in order for the
principle of equivalence to unambiguously geometrize gravity a necessary and
sufficient condition is the complete antisymmetry of Cartan torsion tensor.
Another aspect that a relativistic theory might display is the property of be-
ing conformally invariant: this property means that beside spacetime coordinate
invariance also spacetime scale invariance is accounted; the feature of conformal
symmetry is certainly one of the simplest and most intuitive among all possible
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symmetries that may characterize a given system; but scale symmetry in space-
time is also important because on the basis of such a constraint there is a single
dynamical action that is selected out among all dynamical actions that would
in principle be possible, as discussed by Weyl. With conformal invariance, the
first point to settle is finding a way to implement conformal transformations for
torsion, and as discussed in [7] this may be done either in terms of the strong
conformal transformation, for which torsion is assumed to have a general con-
formal transformation, or the weak conformal transformation, for which torsion
does not have a conformal transformation at all: the strong conformal transfor-
mation for torsion has been studied in [8], where it has also been proven that
such a transformation cannot be reduced to the weak conformal transformation
for torsion, and so the case of weak conformal transformation for the torsion
tensor must be studied independently; another reason is that strong conformal
transformations are entirely loaded onto the trace vector part, and since in a
conformal theory it is meaningless to require the vanishing of something that is
not conformally invariant then it is impossible to have strong conformal transfor-
mations with a vanishing trace torsion vector, so that this case is incompatible
with an irreducible torsion such as the one provided if torsion is completely
antisymmetric, and therefore only the weak conformal transformations can be
compatible with the completely antisymmetric torsion. Apart from this, an-
other important reason to study weak conformal transformation for torsion is
that conformal properties are purely metric concepts, thus independent on tor-
sion: so it seems all too natural that a purely metric conformal transformation
should leave the torsion tensor untouched. In the present paper, we therefore
consider an axial torsion subject to no conformal transformation whatsoever.
It is important to remark a quite intriguing aspect: we have already men-
tioned that the complete antisymmetry of torsion makes it possible to have
an unambiguous implementation of the principle of equivalence in order to ge-
ometrize gravity while conformal symmetry is related to the projective structure
of the spacetime; an axial torsion tensor within a theory with conformal sym-
metry has the possibility to provide both the free-fall motion and the light-cone
structures that are used in the Ehlers-Pirani-Schild construction [9].
The most important consequence of not neglecting torsion in a gravitational
spacetime, eventually complemented with gauge fields, is that in so doing the
underlying background is endowed with both torsion and curvature, beside all
gauge strengths, so that one has all the elements that are needed, when such an
underlying background is filled with matter fields with spin and energy, beside
all currents, to couple torsion to spin much in the same way in which curva-
ture is coupled to energy, like all gauge strengths are coupled to all currents,
respectively, in the Poincaré-gauge theory [10]: notice that a completely anti-
symmetric torsion is compatible with spin- 12 spinors alone [11]. This is good
since Dirac fields are the only fermionic matter we have ever observed.
The importance of scale symmetry in geometry lies on the fact that it has an
analogous role to the one renormalizability has when one needs to fix the dynam-
ics of the matter field content; this is intriguing because, as geometry is what
encodes gravity, scale invariant geometries should be those that might ensure
renormalizability of the gravitational dynamics; in [12] Stelle proved this fact
making conformal gravity a viable quantum gravity prototype. On the other
hand the unambiguous geometrization of gravity via the principle of equiva-
lence requires torsion to be completely antisymmetric, and as we have already
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discussed the axial torsion vector is by construction conformally invariant in
an automatic way; conformal axial torsion gravity with gauge fields achieves
the task of allowing the torsion-spin and curvature-energy, as well as the gauge
strength-current, couplings, with torsion and gravity, beside gauge fields, being
renormalizable as desired, and additionally this is accomplished for the case of
spin- 12 massless spinor fields. As discussed in [13] in general conformal geome-
tries Dirac fermions might have ill-defined structure, but we will see here that
in the present conformal geometry Dirac fermions emerge consistently.
However, our discussion will not be focused on the Dirac fermions alone, and
as a final ingredient, we will consider the real scalar field, not only as a matter of
completeness, but also because the scalar field possesses a potential providing a
symmetry breaking mechanism that, in the conformal gravitation, is absolutely
necessary: in fact a theory of gravity with conformal invariance suffers the prob-
lem that it seems to be incompatible with a universe that does not appear to
possess such a symmetry; this problem is solved when a mechanism of confor-
mal symmetry breaking is given. The scalar field, with its peculiar conformal
behaviour, possesses all that is needed to have the conformal symmetry broken
by means of gravitational actions in a dynamical way; furthermore, we will see
that the scalar field will contribute to the spin density and therefore to the tor-
sion, and this surprising fact will render the conformal symmetry breaking due
gravity with torsion even more dynamical. This dynamical conformal symmetry
breaking will have unexpected consequences for the fields involved.
In this paper, we discuss these consequences focusing on applications to the
standard models of particle physics and cosmology, and in particular to the
generation of the Higgs mass and the cosmological constant, addressing both
cosmological constant and coincidence problem at once.
1 Kinematic Background
In the present construction we refer for the introduction of the general formalism
and definitions to [13], and here we will review the most important concepts.
We recall that the completely antisymmetric torsion is an axial torsion since
once the completely antisymmetric Levi-Civita density εανpiσ is introduced then
one may write the completely antisymmetric torsion Qρβµ in terms of an ax-
ial torsion W θ according to Qαµν = εαµνσW
σ and thus, taking the Levi-Civita
connection Λαβµ we can write Γ
α
βµ =
1
2g
αρερβµσW
σ+Λαβµ as the most general
decomposition of the connection we will consider in this paper, and as we have
anticipated, the torsion Qαβµ originally defined with the first upper index and
the last two lower indices has no conformal transformation, while the metric
has the usual form of conformal transformation; the most general connection
defines the most general covariant derivative Dµ while the Levi-Civita connec-
tion defines the Levi-Civita covariant derivative ∇µ for which we have that the
following relationships Dµgαρ=∇µgαρ=0 and Dµερβνσ=∇µερβνσ=0 hold and
they are called metric-compatibility conditions: these conditions and the com-
plete antisymmetry of torsion imply the connection to have a single symmetric
part entirely written in terms of the metric, so that the gravitational informa-
tion, which according to Weyl theorem and the principle of equivalence had to
be in the symmetric part of the connection, is forced into the metric, and so
the interpretation of the gravitational field as a geometric entity is compulsory,
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and one does not need to employ any additional prescription in order to declare
where the gravitational information is actually stored, as shown in [2, 3, 4, 5, 6].
Now an equivalent formalism may be introduced, in which the metric is
written as gαν = e
p
αe
i
νηpi in terms of the Minkowskian metric ηij and a basis of
vierbein eiα and such that with them, the connection can be transformed into
the spin-connection ωipα=e
i
σ(Γ
σ
ραe
ρ
p+ ∂αe
σ
p ) such that ω
ip
α=−ω
pi
α stating the
antisymmetry of the spin-connection; these last two relationships are related to
the conditions Dµe
k
α =∇µe
k
α = 0 and Dµηij =∇µηij = 0 known as coordinate-
Lorentz compatibility conditions, since they establish that the previously defined
coordinate formalism with Greek indices and the present formalism with Latin
indices are such that at any differential level they are equivalent at all.
The reason for which such an equivalent but different formalism has been
introduced is that with it the most general coordinate transformations are re-
placed by the Lorentz transformations, whose explicit form can be rewritten in
terms of other representations such as the complex one; since complex repre-
sentations of the Lorentz transformation act on complex fields, the geometry
of complex fields is given in terms of a gauge connection Aµ that will serve to
introduce the gauge covariant derivatives, as usual in abelian gauge theories.
Now, an explicit representation of the complex Lorentz transformation can
be achieved through the introduction of the γa matrices verifying the Clifford al-
gebra {γa,γb}=2Iηab from which we define σab=
1
4 [γa,γb] such that they verify
the conditions {γa,σbc}= iεabcdγγ
d as the complex generators of the complex
representation of the Lorentz algebra, and from which we define the most general
spinorial-connection as Ωρ=
1
2ω
ij
ρσij+iqAρI in terms of the parameter q known
as the charge of the spin- 12 spinorial field, and as it is expected this spinorial
connection can now be used to define the spinorial covariant derivatives given
in the notation Dµ as usual; then we have Dµγa=∇µγa=0 automatically.
We notice that the introduction of vierbein and spin-connection is what
ultimately allows the definition of the spinor fields, and so these structures are
essential for the definition of spin structures, as explained in [14, 15].
From the connection and its torsionless Levi-Civita connection we define
Gρξµν = ∂µΓ
ρ
ξν − ∂νΓ
ρ
ξµ + Γ
ρ
σµΓ
σ
ξν − Γ
ρ
σνΓ
σ
ξµ (1)
Rρξµν = ∂µΛ
ρ
ξν − ∂νΛ
ρ
ξµ + Λ
ρ
σµΛ
σ
ξν − Λ
ρ
σνΛ
σ
ξµ (2)
with decomposition given by
Gρξµν = Rρξµν +
1
2 (ερξνα∇µW
α − ερξµα∇νW
α)−
− 14 (WρW[µgν]ξ −WξW[µgν]ρ) +
1
8W
2(gρ[µgν]ξ − gξ[µgν]ρ) (3)
in terms of the axial torsion, known as Riemann and purely metric Riemann
curvature tensors; they are antisymmetric in both the first and second pair of
indices, and so with contraction Gρµρν=Gµν and R
ρ
µρν=Rµν themselves with
contractions given by Gηνg
ην=G and Rηνg
ην=R as it is usual: curvatures with
the same symmetries for indices transposition, but irreducible, are given by
Wαβµν = Gαβµν −
1
2 (Gα[µgν]β −Gβ[µgν]α) +
1
12G(gα[µgν]β − gβ[µgν]α) (4)
Cαβµν = Rαβµν −
1
2 (Rα[µgν]β −Rβ[µgν]α) +
1
12R(gα[µgν]β − gβ[µgν]α) (5)
related through the decomposition
Wαβµν = Cαβµν +
1
2
[
εαβθ[µgν]ρ −
1
2
(
εαρθ[µgν]β − εβρθ[µgν]α
)]
∇ρW θ (6)
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in which due to the derivatives of the axial torsion, Wαβµν is not conformally
invariant even though Cαβµν is conformally invariant, and this is what is known
as the Weyl curvature conformal tensor. The reason for this is seen in the im-
plicit presence of torsion within the curvature, and in particular to the fact that
there are derivatives of torsion, beside squared torsion terms, in the curvature,
and thus in the irreducible curvature itself: when conformal transformations
are used, the derivatives of torsion always transform, spoiling for Wαβµν the
conformal invariance that instead for Cαβµν was ensured; thus a solution can
be obtained by adding to the curvature Gαβµν some terms with torsion get-
ting a modified torsional-curvature Mαβµν in which the simultaneous presence
of torsion implicitly through Gαβµν and explicitly added would provide the
cancellation of all extra terms during the conformal transformation, yielding a
tensor Mαβµν whose irreducible part Tαβµν is conformal. In [8] the solution we
found for strong conformal transformations of torsion was adding to the ten-
sor Gαβµν squared torsional terms, to get Mαβµν in which the non-conformal
transformation of the derivatives of torsion and that of the squared torsion con-
tributions cancelled away, so to have Tαβµν conformally invariant; but in the
present paper the axial torsion has weak conformal transformation, that is no
conformal transformation, which cannot provide the extra pieces needed for such
a cancellation to occur, and therefore to Gαβµν we have to add beside squared
terms also derivatives of torsion, and when this is done in the most general way
in terms of the a, b and c parameters, we have that the modified tensor
Mαβµν = Gαβµν +
c
2 (εαβµθDνW
θ − εαβνθDµW
θ) +
+a4 (WαW[µgν]β −WβW[µgν]α) +
b
8W
2(gα[µgν]β − gβ[µgν]α) (7)
has irreducible part given by
Tαβµν = Cαβµν
and thus conformally invariant, for any value of the a and b parameters and
with the condition c=1 that must be taken, showing that no squared term can
be useful and that there is a single choice for which all the derivatives of the
axial torsion cancel away. However in this way, although Tαβµν is conformally
invariant nevertheless the fact that it reduces to Cαβµν implies that the correc-
tion is somewhat trivial; that is in the case of axial torsion with no conformal
transformations any correction to the Riemann curvature is such that its irre-
ducible part is either not conformally invariant or it reduces to the Weyl tensor
and so it is conformally invariant in a trivial way. Or equivalently, the Weyl
tensor is the most general irreducible tensor that is also conformally invariant.
Before proceeding, we have also to recall that for the gauge connection the
gauge curvature is defined as Fµν = ∇µAν −∇νAµ antisymmetric and thus
irreducible, and as the gauge connection is usually assumed to have a trivial
conformal transformation it follows that the gauge curvature is conformal.
What transforms according to the complex representation of the Lorentz
transformation, that is the spinorial transformation, is defined to be the spinor
field ψ whose conformal transformation is given by ψ → σ−
3
2ψ as usual.
Finally, the real scalar field φ has scaling σ−1 as usual: notice that according
to the usual way to count degrees of freedom, massless real scalars should have
no degree of freedom at all; in conformal models this is well understood since
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according to their conformal transformations they may always be conformally
transformed away. However, we will see that this does not amount to have no
scalar field at all, and in fact conformally transforming the massless real scalar
away eventually provokes the dynamical symmetry breaking.
2 Dynamical Action
We have seen in the previous section that efforts to follow the line of [8, 13] and
get a curvature that is conformally invariant in the case of axial torsion with
no conformal transformations bring the most general of such curvatures back to
the torsionless curvature with conformal invariance known as Weyl tensor, and
so Cartan torsion and Weyl curvature are independently conformally invariant.
However, if in [13] the strong conformal transformations allowed us to employ
torsion to modify the Weyl curvature as to achieve its conformal invariance but
also forbade torsion to explicitly appear in the action without spoiling conformal
invariance, here the weak conformal transformation that keeps Cartan torsion
and Weyl curvature separated allows Cartan torsion to explicitly enter beside
Weyl curvature in actions maintaining conformal invariance; it is easy to see
that there is no possible product of Cartan torsions and Weyl curvatures that
could enter in the action preserving its conformal invariance, and Cartan torsion
and Weyl curvature will be separated also dynamically. To define the dynamical
features of the model, we have to take into account the fact that no derivative of
the axial torsion should enter the action: the first reason for this is that we have
already seen that derivatives of the axial torsion are not in general conformally
invariant, although this problem might be circumvented by the fact that there
are many of such terms, each entering with its own coupling factor, for which a
fine-tuning may restore conformal invariance; a second reason for this consists in
the fact that any derivative of torsion would result into dynamical torsional field
equations, allowing torsion to propagate out of matter, but there are stringent
limits for the presence of torsion in vacuum. If we want no derivative of torsion
in the action, then |WαWα|
2
is the only axial torsion term that defines an
action with conformal invariance; the term CαβµνC
αβµν defines the action with
conformal invariance for gravitation as usual: therefore we have that
Sgravity =
∫
1
4 (3kW
αWαW
ρWρ + CαβµνC
αβµν)
√
|g|dV
with torsion constant k and with gravitational constant normalized to unity,
and under the hypotheses above this is the most general conformal action.
For the gauge field the term FµνF
µν is the only one to be included as
Selectrodynamics =
∫ (
− 14FαβF
αβ
)√
|g|dV (8)
and this is the electrodynamic action, and it is conformally invariant.
The Dirac spinorial action is given as usual by
Smatter =
∫
[ i2 (ψγ
ρDρψ −Dρψγ
ρψ)]|e|dV (9)
and this is the material action that in the massless case is conformally invariant.
For the real scalar action we have to notice an important fact: due to the
second-order derivative of the scalar, this field is not naturally conformally in-
variant; therefore some additional terms must be added to the dynamical term
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in order to obtain the conformal invariance of the whole action: such extra terms
consist first of all of the Rφ2 term as it is known; however in presence of the
axial torsion also the W 2φ2 term is present: the entire scalar action is
Sscalar =
∫
(∇ρφ∇
ρφ+ 16Rφ
2−pWαW
αφ2− λ8φ
4)|e|dV (10)
where the quartic potential has also been added, and it is given in terms of the
two coupling constants p and λ characterizing this conformally invariant action.
Once all is summed up, the total action is given by
S =
∫
[ 34kW
αWαW
µWµ +
1
4CαβµνC
αβµν − 14FαβF
αβ +
+ i2 (ψγ
ρ
∇ρψ −∇ρψγ
ρψ)− 34ψγργψW
ρ +
+∇ρφ∇
ρφ+ 16Rφ
2 − pWαW
αφ2 − λ8φ
4 − Y ψψφ]|e|dV (11)
where the additional Yukawa term with constant Y has been added, and up to
the coupling constants this conformally invariant action is defined uniquely.
By varying with respect to the fields involved one gets the axial torsion-spin
and irreducible curvature-energy field equations given by the expressions
kW 2Wρ =
1
4ψγργψ +
2p
3 φ
2Wρ (12)
and
−kW 2(14g
µαW 2 −WµWα) + (14g
µαC2 − CθσρµC αθσρ )−
−(CµβανRβν + 2∇β∇νC
µβαν)− (14g
µαF 2 − FµρFαρ) =
= i4 (ψγ
µ
∇
αψ −∇αψγµψ + ψγα∇µψ −∇µψγαψ) +
+ 14 (
1
2ψγ
αγψWµ + 12ψγ
µγψWα − gαµψγργψWρ) +
+2(∇αφ∇µφ− 12g
αµ∇ρφ∇
ρφ) + 13 (g
αµ∇2φ2 −∇α∇µφ2) +
+ 13 (R
αµ − 12g
αµR)φ2 + 2p3 (W
αWµ + 12g
αµW 2)φ2 + gαµ λ8φ
4 (13)
with the gauge strength-current field equations
∇ρF
ρµ = qψγµψ (14)
for the geometric sector; the fermionic field equations are
iγµ∇µψ −
3
4Wσγ
σγψ − Y φψ = 0 (15)
for the fermionic sector. The scalar field equations are
∇2φ− 16Rφ+ pW
2φ+ λ4φ
2φ+ Y2 ψψ = 0 (16)
for which the vacuum giving stable stationary breakdown of the symmetry is(
λ
4φ
2 + pW 2 − 16R
)∣∣
v
= 0 (17)
as it is clear after performing a straightforward calculation.
As a final remark we have to notice that in the previously elaborated con-
formal model with strong transformation for torsion the field equations coupled
a mixture of curvature and torsion to the spin and to the energy, so that in par-
ticular there was no completely antisymmetric torsion matching the completely
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antisymmetric spin of the Dirac field [13], whereas in this conformal gravity with
no transformation for torsion there is no such mixing of degrees of freedom, and
consequently the field equations couple torsion to the spin and curvature to
the energy, and in particular the axial torsion and the axial spin of the Dirac
field correspond perfectly: then in all field equations the number of degrees of
freedom and independent fields matches consistently; in particular we have to
notice that both the spinorial and the scalar field equations have characteristic
equations given by the simplest n2=0 showing that the characteristic surfaces
propagate inside the light-cone respecting causality [11].
2.1 The Non-Linear Potential
In this subsection we will perform the decomposition of the field equations, but
in order to proceed it is essential that the field equations for the torsion-spin
coupling be inverted in such a way that torsion is given in terms of the spin
density of the matter fields: to do so consider field equations (12) squared as
(kW 2)3 − 4p3 φ
2(kW 2)2 + 4p
2
9 φ
4(kW 2) + k16ψγiψψγ
iψ = 0 (18)
which can always be solved via Cardano cubic formula, and thus by putting
∆ ≡ 4 729kψγiψψγ
iψ
512p3φ6 (1 +
729kψγiψψγ
iψ
512p3φ6 ) (19)
known as discriminant we have that solutions are given by
9kW 2
2pφ2 = 2−u[(1+∆)
1
2 +∆
1
2 ]
1
3 −u∗[(1+∆)
1
2 −∆
1
2 ]
1
3 (20)
where u are the three complex cubic roots of the unity, therefore corresponding
to the three complex solutions in general: having these, the field equations for
the torsion-spin coupling given above can finally be inverted as to get
Wρ = −
9
8pφ2
[
1+u[(1+∆)
1
2+∆
1
2 ]
1
3+u∗[(1+∆)
1
2−∆
1
2 ]
1
3
]ψγργψ (21)
used to substitute torsion with the spin of matter fields. When this is done also
the curvature-energy coupling field equations can be inverted resulting in
(14gµαC
2 − CθσρµCθσρα − CµβανR
βν − 2∇β∇νCµβαν)−
−(14gµαF
2 − FµρF
ρ
α ) =
i
4
(
ψγ(µ∇α)ψ −∇(αψγµ)ψ
)
+
+2(∇αφ∇µφ−
1
2gαµ∇ρφ∇
ρφ) + 13 (gαµ∇
2φ2 −∇α∇µφ
2) +
+ 13 (Rαµ −
1
2gαµR)φ
2 +
+gαµ[
λ
8+
p2
27k [4+u[(1+∆)
1
2 +∆
1
2 ]
1
3 +u∗[(1+∆)
1
2 −∆
1
2 ]
1
3 ] ·
·[2−u[(1+∆)
1
2 +∆
1
2 ]
1
3 −u∗[(1+∆)
1
2 −∆
1
2 ]
1
3 ]]φ4 (22)
with non-linear contributions while the gauge strength-current field equations
∇ρF
ρµ = qψγµψ (23)
are unmodified by the non-linearities instead; the fermionic field equations are
iγµ∇µψ −
27
32pφ2
[
1+u[(1+∆)
1
2+∆
1
2 ]
1
3+u∗[(1+∆)
1
2−∆
1
2 ]
1
3
]ψγρψγρψ−Y φψ=0 (24)
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with non-linear interactions of the fermion fields. The scalar field equations are
∇2φ−[ 16R+
81ψγρψψγ
ρψ
64pφ4
[
1+u[(1+∆)
1
2+∆
1
2 ]
1
3+u∗[(1+∆)
1
2−∆
1
2 ]
1
3
]2 − λ4φ
2]φ+ Y2 ψψ=0 (25)
also with non-linear interactions of the scalar field for which the vacuum that
produces a stable stationary breakdown of the symmetry is given by[
λ
2φ
2 −
81ψγρψψγ
ρψ
32pφ4
[
1+u[(1+∆)
1
2+∆
1
2 ]
1
3+u∗[(1+∆)
1
2−∆
1
2 ]
1
3
]2 − 13R
]∣∣∣∣∣
v
= 0 (26)
showing that the breaking of the symmetry through a dynamical mechanisms
is possible not only in the case mediated by the gravitational field but also for
a Ricci flat spacetime due to the torsionally-induced self-interactions of matter.
Let us now discuss the possibilities we have: among the three complex solu-
tions given in general one is however always real and if kp>0 or in the case in
which kp<0 but |512p3φ6|< |729kψγµψψγ
µψ| then the discriminant is positive
and the real root is unique, and we have only one solution; then in the case
where kp<0 and |512p3φ6|> |729kψγµψψγ
µψ| the discriminant is non-positive
and all three roots are real, so that we have all three solutions, although in the
case of equality two of them coincide, and so there are only two independent
solutions, while in the case of strict inequality each of them differs from any
other, and thus all three are distinct independent solutions. But nevertheless,
these last situations are special, because for them it would always be possible
for an assigned value of the scalar to have fermions with a density that is low
enough for the solutions to become complex; to avoid such possibility, whatever
matter fields are, we have to require kp>0 to hold as a general constraint, and
thus this is what we shall do. Notice that having these two constants with the
same sign still leaves us with the two alternatives about which one of the two
signs we choose, and therefore we are still left with two alternative models.
From now on we neglect the gravitational and electrodynamic field so to
focus on the fermionic and scalar matter fields alone, and we take into account
the condition kp> 0 for which the discriminant (19) is always positive and the
root that is always real comes for the choice u=1 as known: when this is done
we get that the fermionic field equations are written according to the form
iγµ∇µψ −
27
32pφ2
[
1+[(1+∆)
1
2+∆
1
2 ]
1
3+[(1+∆)
1
2−∆
1
2 ]
1
3
]ψγρψγρψ−Y φψ=0 (27)
while the scalar field equations are given by
∇2φ−
[
81ψγρψψγ
ρψ
64pφ4
[
1+[(1+∆)
1
2+∆
1
2 ]
1
3+[(1+∆)
1
2−∆
1
2 ]
1
3
]2 − λ4φ
2
]
φ+ Y2 ψψ=0 (28)
with stable stationary breakdown of the symmetry given when[
λφ2 −
81ψγρψψγ
ρψ
16pφ4
[
1+[(1+∆)
1
2+∆
1
2 ]
1
3+[(1+∆)
1
2−∆
1
2 ]
1
3
]2
]∣∣∣∣∣
v
= 0 (29)
where we will set φ2|v = v
2 as the scalar vacuum constant value, and we will
proceed in studying the two limits given by the approximation of high-density
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fermion fields compared to the scalar and the complementary approximation of
low-density fermion fields compared to the scalar: in the former case we have
iγµ∇µψ −
(
27
256kψγiψψγiψ
) 1
3
ψγρψγ
ρψ − Y vψ ≈ 0 (30)
while the scalar field equation is given by
∇2φ−
[(
ψγρψψγ
ρψp3
16k2
) 1
3
− λ4 v
2
]
φ+ Y2 ψψ ≈ 0 (31)
and the vacuum configuration is
λv2 ≡
(
4p3ψγρψψγ
ρψ
k2
) 1
3
∣∣∣∣
v
(32)
as it is straightforward to check; in the complementary approximation we get
iγµ∇µψ −
9
32pv2ψγρψγ
ρψ − Y vψ ≈ 0 (33)
with scalar field equation given by
∇2φ−
[
9ψγρψψγ
ρψ
64pv4 −
λ
4 v
2
]
φ+ Y2 ψψ ≈ 0 (34)
and vacuum configuration as
λv6 ≡
9ψγρψψγ
ρψ
16p
∣∣∣
v
(35)
once again as it is straightforward to check directly. Since a symmetry breaking
mechanism has occurred we will now set Y v=m in what follows.
We notice that in the high-density limit the fermionic field equations
iγµ∇µψ −
(
27
256kψγiψψγiψ
) 1
3
ψγρψγ
ρψ −mψ ≈ 0 (36)
have torsionally-induced interactions scaling as the dynamic term and so they
are renormalizable, while in the low-density limit fermionic field equations
iγµ∇µψ −
9
32pv2ψγρψγ
ρψ −mψ ≈ 0 (37)
have torsionally-induced spinorial interactions with the form they have in the
Sciama-Kibble–Einstein gravity: this shows that even if the spin-contact fermion
forces here are renormalizable they nevertheless approximate the spin-contact
fermion forces we have in SKE gravitation, and consequently the non-linear
Nambu-Jona–Lasinio potentials can be recovered; notice also that because the
constants k and p must have the same sign then these spin-contact forces have
the same features in both high-energy and low-energy limits, that is they are
either always repulsive or always attractive. What this implies is that it is in
fact possible to have a theory like the Nambu-Jona–Lasinio model working well
as a low-energy approximation of a theory that in high-energy regimes becomes
the renormalizable theory we have presented all along this paper.
As a further comment, we point out that in the limit in which the fermionic
matter field tends to vanish then torsion vanishes too, showing that the torsion
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does not propagate, as we desired; this is crucial since the presence of torsion
in vacuum has very stringent limits [16], and it is the reason for which we have
asked no derivatives of torsion in the dynamics. We also have to notice that
as it has been discussed in [17], general conformal models in vacuum do not
necessarily have a torsionless limit and even when they do the limit of the field
equations gives field equations that are restricted with respect to the purely
metric gravitational field equations, but nevertheless as we have shown here in
this conformal model the vacuum case is always torsionless and its field equations
are those we would have had in the purely metric case precisely.
We know that such a process of mass generation already considered for
fermions also generates the mass of the scalar as M2= 12λv
2 as well as a cosmo-
logical constant given by Λ= 116λv
4 which in the high-energy limit are
M2 ≡
(
p3ψγρψψγ
ρψ
2k2
) 1
3
∣∣∣∣
v
and Λ ≡
(
p3ψγρψψγ
ρψ
16k2
√
λ
3
) 2
3
∣∣∣∣
v
(38)
while in the low-energy limit they are
M2 ≡
(
9λ2 ψγρψψγ
ρψ
128p
) 1
3
∣∣∣∣
v
and Λ ≡
(
9
√
λ ψγρψψγ
ρψ
1024p
) 2
3
∣∣∣∣
v
(39)
which are written in terms of the fermionic density of the vacuum alone and
giving intriguing relationships: first of all we have to notice that k and p as well
as λ must be positive for consistency; however what we believe to be the most
intriguing consequence of this construction is that the vacuum depends on the
fermionic density and ultimately on the energy scale of the system.
For the moment we will carry out a qualitative analysis taking all coupling
constants of the order of unity: at the scales of the standard model of particle
physics one must employ (38) giving the scalar mass M ≈ 102GeV as expected
while there is no need to evaluate the cosmological constant because we cannot
observed it by performing scattering of particles; on the other hand at the scale
of the standard model of cosmology one must use (39) for which there is no
need to estimate the scalar mass since it cannot be detected in astrophysical
experiments while the cosmological constant is Λ ≈ 10−160GeV4 which is still
not the observed value although in this model such a value is notmuch larger but
instead much smaller than the observed one. This may solve the cosmological
constant problem because, if on the one hand a large cosmological constant
would need a still unknown additional mechanism followed by a further fine-
tuning to quench its value, on the other hand a small cosmological constant does
not need anything like this. All this happens in a qualitative analysis in which
constants are normalized to unity, but this analysis may become quantitative
if we allow the constants to have specific values: to this extent it is enough to
notice that the high-energy form (38) of the scalar mass depends on p3/k2 while
the low-energy form (39) of the cosmological constant depends on λ/p2 showing
not only that they are independent since k and λ are, but also that large values
of p would increase the value of the scalar mass diminishing the cosmological
constant since p appears in the numerator of the former and the denominator
of the latter, as it is clear. And incidentally, this may also solve the coincidence
problem stated as the correspondence between the cosmological constant and
the density of the matter fields, which in the standard model of cosmology
appears to be accidental; in the present approach they are in fact related by the
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cosmological constant formula (39). This may change the treatment of these
two problems of cosmology, showing how they might be solved at once.
To complete our work it is essential to recall that these problems related
to Dark Energy have been faced here in terms of conformal gravity, but in
conformal gravity Dark Energy topics might well receive a different treatment
altogether; in fact, in a conformal theory the projective structure makes it en-
tirely different from the standard one and a wholly new discussion must be
carried out [18, 19, 20]. It is then possible to think that both paths, that is
the present model of torsional conformal cosmology and a different way to ac-
count for the projective structure of the observed universe, may be considered
simultaneously, with new avenues that may be followed.
Conclusion
In this paper, we considered axial torsion with no conformal transformations
and we have insisted on the fact that no derivatives of the axial torsion should
be present in the action while the metric was taken with the standard conformal
transformation and implemented in the action in terms of the metric conformal
curvature tensor, and gauge conformal fields were added; then massless spinors
were also taken into account. The possibility to introduce massless scalar fields
was considered and such fields were included. With this field content, a unique
action invariant under conformal transformations was obtained, yielding field
equations in which torsion appeared algebraically, so that the axial torsion cou-
pled to the axial spin density of the spinor field and torsion could be substituted
in terms of the spin density of the Dirac field: the Weyl field equations reduced
to the usual form plus non-linear contributions while the Maxwell field equations
were essentially unchanged, and the Dirac matter field equations contained non-
linear terms as well; the scalar fields received non-linear contributions as desired
for the symmetry breaking mechanism. We have found that: the Dirac matter
field equations had non-linear terms that in the ultraviolet limit were renor-
malizable but which in the infrared limit reduced to the Nambu-Jona–Lasinio
potentials; the case of stable stationary breaking of the symmetry was given
by non-vanishing vacua that were not universal constants, nor several different
parameters, but the density of fermionic fields, so that the mechanism of scalar
mass and cosmological constant generation works as usual, but now different en-
ergy scales can have different vacua resulting into different values for the scalar
mass and the cosmological constant. This introduces a new way to meet the
cosmological constant and coincidence problems within a single framework.
Imagining the universe to have fermionic particles wiggling about in a bath
of a scalar field filling the universe itself, we can figure fermions interacting with
the scalar and receiving their masses as usual but now they also affect back the
vacuum of the scalar and so its mass: here not only the fermions receive mass
because of their interaction with the scalar but also the scalar receives mass
because of its interaction with the fermions: in particle physics or cosmology of
the early universe, the mass generation mechanism works as usual, although now
we have a dynamical symmetry breaking; in cosmological models that involve
the recent universe, the fermion field distribution decreases and correspondingly
the mass of the scalar particle excitations decreases, but since in cosmological
experiments the mass of the scalar is manifested as cosmological constant then
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the cosmological constant must be small too. How small this value is depends
on the precise value of the scalar mass in cosmology and then on the low-
density distribution of fermions in the universe; universes voided of fermions
have massless scalars and no cosmological constant. This is an unexplored way
to solve both cosmological constant and coincidence problem simultaneously.
Combining these ideas with pre-existing ones by Mannheim may allow us to
think anew the way we might approach these cosmological issues.
Acknowledgments. I would like to thank Professor Philip D. Mannheim for
the interesting discussions we had about the role of the projective structure of
conformal gravity and its possible applications.
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